Abstract-Electron beam based radiation sources provide electromagnetic radiation for countless applications. The properties of the radiation are primarily determined by the properties of the electron beam. Compact laser driven accelerators are being developed that can provide ultrashort electron bunches (femtosecond duration) with relativistic energies reaching toward a GeV. The electron bunches are produced when an intense laser interacts with a dense plasma and excites a large amplitude plasma density modulation (wakefield) that can trap background electrons and accelerate them to high energies. The short-pulse nature of the accelerated bunches and high particle energy offer the possibility of generating radiation from one compact source that ranges from coherent terahertz to gamma rays. The intrinsic synchronization to a laser pulse and unique character of the radiation offer a wide range of possibilities for scientific applications. Two particular radiation source regimes are discussed: coherent terahertz emission, and X-ray emission based on betatron oscillations and Thomson scattering.
- [14] and via control of the plasma properties (transverse and longitudinal) and laser parameters. Recent experiments at Lawrence Berkeley National Laboratory (LBNL), Berkeley, CA, have demonstrated the production of narrow energy spread (few percent), high energy ( MeV), high charge ( nC) electron bunches from a self-modulated LWFA that used a preformed plasma density channel [15] . Narrow energy spread electron bunches were also observed in the U.K. and France [16] , [17] .
Although the use of laser-plasma accelerators for high energy physics applications will require performance well beyond todays achievements, several applications with less stringent beam property requirements are becoming possible. One of these is radio-isotope production through reactions with laser accelerated bunches [18] , [19] , which only requires a sufficient number of electrons with energy in excess of 10s of MeV, a condition that is relatively straightforward to obtain using LWFAs. Two other applications are being explored which exploit the short-pulse nature and high charge of the accelerated bunches. The first is the production of coherent terahertz ( Hz) radiation when femtosecond electron bunches cross the plasma-vacuum boundary and emit transition radiation [20] [21] [22] . The second aims at the generation of femtosecond X-ray pulses, which are produced by the betatron radiation emitted as the electron beam propagates through the plasma, or via Thomson scattering of an intense laser off the electron beam. These latter applications are the focus of the present paper.
The first part of this paper provides an overview of recent experiments [20] , [22] and theory [21] on generation of coherent terahertz radiation. This electron beam-based radiation source relies on two novel components: extremely dense, sub-ps electron bunches produced with a compact laser-plasma accelerator, and the production of coherent transition radiation by these bunches at the boundary between a plasma and vacuum. This source has the potential for generating up to tens of J per pulse, several orders of magnitude beyond conventional THz radiation sources. The theory of transition radiation generated by a relativistic electron bunch crossing a plasma-vacuum boundary is summarized in Section II-A. Sections II-B-II-F discuss the experimental setup and present evidence for the coherent nature of the radiation at a frequency of 94 GHz and in the 0.3-19 THz range, polarization measurements, and preliminary frequency spectrum measurements. Using these preliminary spectral measurements, bunch durations on the order of 30-50 fs are inferred. Also compared are the measured and calculated total radiated energy. Methods for increasing the radiated energy beyond what 0093 -3813/$20.00 © 2005 IEEE has been achieved in the present experiments are discussed in the conclusion.
The second part of the paper discusses two methods for generating femtosecond X-ray pulses. The first method relies on the emission of betatron radiation, i.e., synchrotron radiation emitted as the accelerated electrons undergo betatron oscillations within a plasma channel [23] , [24] . These betatron oscillations are due to the radial electric field component of the large amplitude plasma wave (wake) excited within a plasma channel, the axial component of which is responsible for electron acceleration. This process can occur in both laser-driven and electron beam-driven plasma based accelerators. Betatron radiation from a plasma driven by an intense electron or laser beam has recently been observed [25] , [26] . Section III-A presents the theory describing the betatron radiation mechanism, various scaling laws, and examples of the design of such an X-ray source.
Alternatively, X-ray radiation may be produced via Thomson scattering (TS) using an external laser pulse [27] [28] [29] [30] [31] [32] [33] . The first demonstration of the generation of subpicosecond duration X-ray pulses using TS at the Beam Test Facility of the Advanced Light Source at LBNL [28] [29] [30] . The scattering geometry was configured for 90 [34] so that the generated X-ray pulse duration of 300 fs (FWHM) was determined by the convolution between the laser pulse duration (100 fs) and the crossing time of the laser across the tightly focused electron beam (200-250 fs). The number of X-rays and peak brightness of the 90 TS source experiments at LBNL were in part limited by the fact that the laser beam only interacted with about a 100-fs-long electron beam slice (or 0.3% of all the available electrons), as well as by the relatively high transverse emittance of the electron beam and low peak laser power used in the experiment. To increase the photon yield and source brightness, high quality femtosecond electron bunches are needed to enable femtosecond X-ray production through 180 laser backscattering [35] . As indicated above, laser driven accelerators are now capable of producing such intense femtosecond electron bunches. Section III-B presents the theory describing the Thomson scattered radiation spectrum, and presents examples of TS X-ray sources for various electron energy distributions produced by laser-plasma accelerators.
II. COHERENT TERAHERTZ RADIATION FROM LASER ACCELERATED BUNCHES
Laser-triggered solid-state based sources of THz radiation have been developed that rely on switched photoconducting antennas (e.g., [36] and the references therein) or optical rectification of femtosecond pulse trains [37] . Large aperture biased GaAs structures, operated at 1-kHz repetition rate, have produced on the order of 0.5 J/pulse [38] . Most other sources using either laser switched structures or optical rectification have operated at high frequency (10s of MHz) with W-mW level average power. Coherent transition radiation from laser accelerated electron bunches has been measured at the L'OASIS facility of LBNL [20] and energies near the 100 nJ/pulse were observed. The measured energy was limited primarily by the small collection angle ( 100 mrad) and the small transverse size ( 100 m of the plasma).
A. Transition Radiation Theory
Modeling of the radiation process can be done by assuming that the plasma (with dielectric constant , where and are the plasma and radiation frequencies, respectively) is equivalent to a conductor with a sharp conductor-vacuum boundary. The transition radiation will be generated by electron beam induced polarization currents at plasma densities below the critical density (where ) for the radiation wavelength. The plasma density profile used in the experiments discussed in Section II-B had a sufficiently large gradient such that the dielectric constant satisfied within a distance on the order of a skin depth, and therefore, the plasma can be well-modeled as a conductor for frequencies . In addition, provided the plasma scale length is short compared to the radiation formation length, the dielectric interface radiates as if it were a sharp dielectric-vacuum boundary.
The energy radiated, per unit frequency and per unit solid angle , from a single electron traversing the dielectric boundary is given by the well-known result [39] [40] [41] (1)
where is the observation angle with respect to the electron trajectory (assumed to be normal to the plasma surface and along the -axis), is the electron momentum normalized to is the speed of light, is the electron rest mass, and is the classical electron radius. The radiation pattern is zero along the axis and peaks at a radiation cone angle of (assuming ). The differential energy radiated by a single electron is independent of frequency. In practice, however, the maximum wavelength radiated will be limited, for example, by the physical dimensions of the system, as will be discussed below.
Integrating over solid angle yields (2) which, in the highly-relativistic limit , reduces to . The radiation from the beam of electrons sums incoherently for wavelengths short compared to the bunch length, i.e.,
, where is the number of electrons in the bunch, and a monoenergetic, divergenceless beam was assumed. For wavelengths long compared to the bunch length, the radiation sums coherently, i.e., . In particular, the total coherent radiated energy over all angles and frequencies is given by , assuming , where is the minimum wavelength for which the bunch radiates coherently and is determined by the electron bunch dimensions, as will be discussed later. The total coherent energy can be written in practical units as (3) where is the bunch charge. For example, nC , and m give mJ, which is several orders of magnitude beyond that of conventional sources. The above can be generalized for the case of an arbitrary electron beam momentum distribution including the effects of coherence and the transverse size of the dielectric structure (diffraction from the plasma edge). Assuming a normalized energy distribution of the electron beam , the differential radiated energy by a bunch travelling normal to the plasma-vacuum boundary is [21] (4)
where (5) is the Fourier transform of the electron beam spatial distribution , or spatial form factor, is the radiation wave vector, and (6) is the correction due to diffraction from the transverse edge of the plasma. Note that (5) assumes that there are no correlations between position and momentum. The parameter describes the relative influence of the transverse boundary (i.e., the ratio of the transverse size of the plasma to the transverse extent of the self-fields of the relativistic electrons ), and , and are Bessel functions. For large transverse size (i.e., ), , and the coherent radiation is well-described by transition radiation. For , (i.e., transverse plasma size small compared to the effective source size ) diffraction effects will strongly modify the radiated energy spectrum.
The degree of coherence in the bunch will be determined by the form factor (5). For a bunch with an uncorrelated Gaussian spatial distribution, the spatial form factor is , where and , with the root-mean-square (rms) transverse bunch radius and the rms longitudinal bunch length. Fullycoherent emission in both the transverse and longitudinal directions requires . This condition is satisfied when and are much less than the radiation wavelength. Measurement of the energy spectra of the transition radiation therefore provides a method for obtaining information about the spatial and temporal distributions of the electron beam.
As (4) indicates, the finite transverse extent of the plasma produces a wavelength dependence in the differential energy for fullycoherent radiation. The spectral content of the radiation is no longer constant, as is the case for transition radiation from a fullycoherent beam traversing a boundary of infinite transverse extent, and the spectrum is strongly modified by the diffraction effects for (i.e., ). Distortion of the spectra increases with higher beam energy, and the spectra are suppressed for decreasing transverse size. For large transverse size , the fullycoherent spectra becomes constant (i.e., the limit of transition radiation from an infinite transverse boundary). In general, the spectral region of coherent radiation is approximately , where the lower bound is due to longitudinal coherence [ in (4)], and the upper bound is due to diffraction effects [ in (4) ].
Using (4), and assuming , the total coherent radiation energy into a small collection angle , and for a bandwidth is (7) assuming . Laser-plasma generated electron beams in the self-modulated regime can be characterized by a Boltzmann momentum distribution , where is the temperature of the distribution. The amount of radiated energy in the collection-cone half-angle and frequency bandwidth is given by . For example, J within mrad for a 1.5 nC bunch with temperature in a bandwidth 0.3-3 THz. Due to the strong dependence on electron energy and angle, , the measured energy can easily be increased by increasing either the electron energy or the cone angle of the collection optics (for ).
B. Experiment
The experiments described in this paper used the short-pulse, high-peak power and high repetition rate Ti:Al O laser system [18] of the L'OASIS facility at LBNL. Low-energy laser pulses (of wavelength m) from a Ti:Al O laser oscillator were first temporally stretched, amplified to 1 J/pulse level, and then compressed using a grating based optical compressor. Following compression, the laser beam was focused to a spot size m with a 30-cm focal length (F/4) off-axis parabola onto a pulsed gas jet. The peak power of the laser was varied through both the pulse duration and laser energy. At optimum compression [55 fs full-width half-maximum (FWHM) duration], TW, resulting in a calculated peak intensity W/cm and a normalized laser strength . The gas jet was backed with up to 70 bar helium gas. The profile of the jet had a 1.8-mm flat top at a density of about cm with a ramp of 1-mm-length to zero density on either side (a total length of just under 4 mm). The plasma density profile, measured with a folded-wave interferometer using 400 nm wavelength, 50-fs duration laser pulses, had a typical transverse size of m. The layout of the experiment is shown in Fig. 1 .
The charge per bunch and electron beam spatial profile were measured using an integrating current transformer (ICT) and a phosphor screen, located 50 cm and 75 cm away from the exit of the gas jet, respectively. The response of the phosphor screen (number of counts on the CCD versus deposited charge) was calibrated against the ICT. The energy distribution was obtained using an imaging magnetic spectrometer [42] and a phosphor screen with CCD camera. At a given excitation current of Fig. 1 . Schematic of the experimental setup. High power laser beam is focused using an off-axis parabolic mirror (OAP1) onto a high-pressure pulsed gas jet operating with He at about 70-bar backing pressure. An integrating current transformer (ICT) is used to measure the charge per bunch of the electron beam produced in the laser ionized gas jet. A double focusing magnetic spectrometer is used to measure the electron beam energy by scanning the magnet excitation current. Radiation is collected with the use of a second off-axis parabola (OAP2) with a hole in the middle to transmit the high-power laser beam and electron beam. OAP2 collimates the radiation, which is transmitted through a silicon window and then focused using OAP3 onto the bolometer. This optical system collects radiation with angular direction between 80 and 300 mrad from the laser axis. Measurements of the radiated energy in a 30-mrad solid angle were done by focusing the radiation onto the bolometer using a metal coated spherical mirror with a 50-cm focal length, located about 1 m away. Electron energy spectrum dN=dE measured using a double focusing imaging magnetic spectrometer. Spectrum was obtained by scanning the excitation current in the magnet and measuring the intensity on a phosphor screen. For any given current, the momentum acceptance p=p of the spectrometer was 62%. Each data point represents 10 shots. Spectrum is reasonably well approximated by a Boltzmann distribution with an effective temperature of 4.6-MeV. the magnet, the momentum acceptance of the magnetic spectrometer was %. A spectrum ranging from 0-50 MeV was obtained by recording the total light yield on the CCD image (corrected for background counts) for magnet currents ranging from 0 to 45 A.
C. Electron Beam Properties
The present experiments were operated using a single laser pulse to ionize the gas jet and excite a plasma wake that subsequently trapped and accelerated background electrons. For the particular gas jet density profile (absolute gas density and length of the jet) and laser parameters used in the present experiments, a typical energy spectrum is shown in Fig. 2 and is reasonably Fig. 3 . Electron beam images measured by imaging a 10-cm-diameter phosphor screen located 75 cm away from the gas jet with a CCD camera, for laser peak power (a) around 2-4 TW and (b) around 8 TW. Unnormalized geometric rms "emittance" for the small spot is 0.01-mm mrad, obtained by multiplying the assumed source size from which the beam originates (6 m FWHM, i.e., equal to laser spot size) and a 10 mrad (FWHM) divergence angle. well approximated by a Boltzmann distribution with a temperature of 4.6-MeV.
The electron beam profile was found to be dependent on laser power. Two typical images of the electron beam on the phosphor screen in the accelerator operating regime for which the data were taken are shown in Fig. 3 . The beam divergence versus laser pulse duration is shown in Fig. 4 . The laser pulse duration was changed by changing the distance between the gratings in the pulse compressor. The asymmetry in the data curve for points on the left and on the right hand side of the minimum pulse duration is consistent with previous observations of a dependence of electron yield on the shape of the laser pulse [7] , [43] .
For power levels near the maximum power, electron beams were observed with a divergence less than 10 mrad (FWHM) [see Fig. 3(b) ]. The amount of charge contained in the small beams was typically about 5% of the main beam and ranged between 30-50 pC. The energy of this part of the beam was not measured separately. However, the shot-to-shot fluctuation in beam divergence near maximum power was found to be significantly larger than for the lower power cases, as can be seen in Fig. 4 from the relatively larger error bars. In addition, the pointing varied from shot-to-shot by more than 20 mrad. For power levels which exceed the critical power for self-focusing by a factor of 5 or more, the laser self-channeling and particle trapping processes operate in a highly nonlinear regime, which likely results in a loss of reproducibility due to sensitivity to operating parameters. In addition, prepulse effects have been shown to be important in the acceleration process and the production of stable beams [44] .
Assuming that the electron beam originated from a spot size equal to the laser spot size , a value for an unnormalized rms geometric "emittance" for the high power case can be estimated to be mm mrad, by simply multiplying the assumed source size and measured divergence angle. Similarly, low unnormalized "emittance" values between 0.01 and mm mrad have been reported previously [44] , [45] . However, prior to interpreting this quantity into as electron beam emittance value, as commonly used for conventional accelerators, a thorough understanding of all phase space properties of the beam is required, including energy (mean and spread) and bunch length, as a function of propagation distance. Upon exiting the plasma, the high-density electron bunch is subjected to significant space charge forces that can result in transverse beam blowup as well as modifications to the longitudinal bunch shape and energy distribution. In general, longitudinal space charge forces are expected to lengthen the bunch, thereby reducing the density and, consequently, the effect of transverse space charge forces while the beam is propagating through vacuum [46] , [47] . Also, the large energy spread can result in ballistic spreading of the electron bunches since fast electrons would out run the slower ones. More complicated modifications of the energy distribution and correlations in momentum and physical space can still occur however, complicating the interpretation of the data. As an example, if the bunch initially has slow electrons in the front and back, and fast electrons in the middle, bunch compression can occur during the propagation resulting in a temporary increase in space charge forces. Detailed measurements of the energy (mean and spread), bunch length, and transverse characteristics of these low-divergence beams are needed to fully understand their behavior during propagation in vacuum and to properly assign an emittance value. Pepper pot based measurements of electrons that were energy filtered around 55-MeV have recently been carried out in a similar laser wakefield setup and indicate a normalized emittance of -mm mrad at the spectrometer location [48] .
D. Radiation Measurements
The radiation measurements covered a range 0.3-19 THz using a liquid helium cooled bolometer. To verify the dependence of radiated energy on collection angle, two different setups were used. In the first setup, with a collection angle of 30 mrad, radiation was reflected out of the vacuum chamber through a window using a 5-m-thick metal-coated nitrocellulose foil 30 cm from the gas jet. Incoherent transition radiation will also be generated when the beam propagates through this foil. The incoherence is due to bunch lengthening [47] and increased transverse beam size at that location, as measured with a phosphor screen. The radiation then propagated in air and through laser beam attenuators, and was focused with an F/30 metal coated spherical mirror onto a cooled (4.2 K) Si-based bolometer, equipped with an internal 3-THz low-pass filter, to measure the radiated energy. The spectral transmission properties of all solid materials used in the terahertz path were measured using a ZnTe based optical rectification system [49] .
To improve collection efficiency, the second setup used an off-axis 90 parabola (effective focal length of 127 mm) to collimate THz light onto a second off-axis parabola (effective focal length of 177.8 mm). After exiting the vacuum chamber through a silicon window, the radiation was incident on the bolometer which was positioned in the calculated focal position. Note that a hole was drilled on axis through the first parabola to allow the 800-nm laser beam to propagate through it, resulting in a collection angle (half-cone) covering emission angles between mrad. The complete bolometer system sensitivity (volts per incident energy), including a gain factor of the internal amplifier of 1000 and the bolometer internal collection efficiency, was calibrated and found to be 1 V of signal per 4.0 pJ of incident THz energy. The total transmission of all materials in the THz beam path was measured by a far-infrared interferometer in combination with a hot Hg lamp and found to be . For mrad, and electron beams containing up to 1.5 nC, the measured radiated energy per pulse between 0.3-2.9 THz was between 3-5 nJ/pulse [20] in the collection angle. For the setup with collection angle covering 80-300 mrad angles, the total radiated energy in the THz beam was approximately 70-80 nJ for electron bunches containing about 0.3 nC.
For the experimental parameters [ m, mrad ( mrad/ mrad), 1.5 nC charge, and (4.6-MeV)] the calculated energy per pulse is 2.3 nJ, which agrees within error bars with the 3-5 nJ measured experimentally. For the second case, using 0.3 nC charge, frequencies ranging from 0.3 to 19 THz and angular coverage from 80-300 mrad, the calculated energy per pulse is 160 nJ, compared to 70-80 nJ measured experimentally. This is in reasonable agreement, given the sensitivity of the radiated energy to bunch length, plasma size, energy distribution, and total charge.
To verify that the radiation is emitted coherently, the bunch charge was varied by changing either the laser pulse duration or the position of the gas jet with respect to the laser beam focal position [7] , [18] . The dependence of the peak amplitude of the bolometer signal versus bunch charge is shown in Fig. 5 and scales quadratically with charge, consistent with coherent emission of radiation.
E. Polarization Measurement
Since transition radiation is in principle radially polarized for an axisymmetric e-beam, a further test of the validity of our model was carried out by measuring the polarization characteristics of the source. A far-infrared wire-grid linear polarizer was placed at the entrance plane of the bolometer, where the THz radiation is brought to a focus. The polarizer angle was rotated from 0 to 180 in steps of 30 and at each position about 30 shots were acquired. Within the error bars, the transmitted signal was found to be independent of the polarizer angle, consistent with radially polarized radiation.
F. Radiation Spectrum
As a first attempt to obtain spectral information of the THz source, the total radiated energy was collected in the 0.3-19 THz and in the 0.3-2.9 THz ranges (and hence, 2.9-19 THz range). This was done with the use of two separate filters that were inserted between the bolometer window and the bolometer detector element. The first long-pass filter consisted of a thin polyethylene filter with a diamond scattering layer, and had a cut-on wavelength of 16 m (19 THz). The second long-pass filter, made of crystal quartz with a broadband antireflection coating, had a cut-on wavelength of 103 m (2.9 THz). Radiation at wavelengths longer than 1 mm (0.3 THz) was not detectable with the bolometer owing to its design.
Analysis of the raw experimental data (averaging of several tens of shots) shows that 22% of the observed radiation was emitted in the frequency range 0.3-2.9 THz, while 78% of the radiation was emitted within the frequency range 2.9-19 THz range. To model this data, the radiated spectrum was calculated including diffraction (see Section II-A) from a 100-m radius plasma column and again using a 4.6-MeV Boltzmann distribution for the electron bunch energy distribution. The spectrum of the radiation can be calculated from (4) assuming a longitudinal charge distribution and transverse size of the dielectric (plasma). Fig. 6 shows the calculated spectrum of the radiation for a Gaussian longitudinal charge distribution with rms length m and , transitioning out of a plasma with a transverse halfwidth of 100 m. The short wavelength cutoff is due to the longitudinal coherence effects , and the long wavelength cutoff is due to the influence of diffraction radiation from the transverse edge of the plasma . For these values of plasma size and electron beam properties, the spectrum shown in Fig. 6 contains 22% of the radiation emitted in the frequency range 0.3-2.9 THz, and 78% of the radiation emitted within the frequency range 2.9-19 THz. An rms bunch length on the order of 10 m is consistent with self-modulated mrad. Measured electron beam energy distribution was approximated using a Boltzmann distribution with a temperature of 4.6-MeV, the longitudinal electron beam distribution was assumed to be a Gaussian with 13.5 m rms length, and the plasma to have a transverse half-width = 100 m. For these parameters, 22% of the radiated energy is emitted for frequencies <2:9 THz and 78% of energy for frequencies >2:9 THz, as measured in the experiment.
LWFA simulations [50] , which typically predict electron beam bunch lengths to be on the order of the laser pulse duration.
III. FEMTOSECOND X-RAY GENERATION
The ultra-short pulse nature of the accelerated electron bunches produced by a laser-plasma accelerator offers the possibility of generating femtosecond X-ray pulses. Two different methods will be considered. The first relies on the emission of betatron radiation as the electrons propagate through a plasma channel in the presence of the radial wakefield excited by the laser pulse. The second method relies on the use of an external laser to Thomson scatter off the accelerated electron bunch.
A. Betatron Radiation From Plasma Focusing Channels
Betatron radiation will be analyzed starting with the single particle orbits to calculate the radiation spectrum. The on-axis radiation spectrum is calculated, as well as the asymptotic behavior of the spectrum for large values of the betatron strength parameter. Examples of the radiated spectrum are given for a single electron as well as for an electron beam with a Guassian radial distribution of electrons.
1) Single Particle Orbits:
The electron motion in a plasma focusing channel is governed by the relativistic Lorentz equation, which may be written in the form , where is the normalized electrostatic potential of the focusing channel, is the normalized electron momentum, and is the relativistic factor. Here only the transverse focusing force of the plasma is considered. Near the axis, , the space charge potential is assumed to have the form , such that the normalized radial electric field is , where and are constants. The electrostatic potential is related to the electron plasma density by , where a uniform background of plasma ions of density is assumed. The maximum focusing field occurs when the plasma electrons are completely expelled (blown out) from the channel, . Notice that in the blowout regime, , hence, . Assuming the electron orbit lies in the plane, the betatron orbit is given by (8) (9) (10) (11) where is the betatron wavenumber, is the amplitude (assumed constant) of the betatron orbit, is the initial axial momentum of the electron (a constant of the motion),
, and is a constant. The above expressions are the leading order contributions to the orbits, assuming . Notice that in the blowout regime , which gives .
2) Single Particle Radiation Spectrum:
The energy spectrum of the radiation emitted by a single electron on an arbitrary orbit and can be calculated from the Lienard-Wiechert potentials [51] (12) where is the energy radiated per frequency, , per solid angle, , during the interaction time, , and is a unit vector pointing in the direction of observation. Using the betatron orbits given above, the radiation spectrum can be calculated with conventional techniques [27] , [52] . In the limits , and , the radiation spectrum can be written as (13) where (14) (15) (16) (17) and (18) is the resonance function, with is the radiation wavenumber, is the resonant wavenumber for the th harmonic, which is given by (19) is the harmonic number (20) is the betatron strength parameter, the number of betatron periods that the electron undergoes, is the interaction length, are Bessel functions, and is the fine structure constant. Here, is the observation angle with respect to the electron propagation axis and is the azimuthal observation angle.
The resonance function determines many properties of the radiation spectrum. Provided the number of betatron periods is large, , radiation is emitted in a series of harmonics and is confined in a narrow bandwidth about the resonant frequency of each harmonic. The intrinsic frequency width of the spectrum about is given by . Furthermore, as . For a single harmonic , the angular width about the axis of a cone containing radiation with frequencies in a small bandwidth about is given by (21) 3) On-Axis Radiation: Of particular interest is the radiation emitted along the axis, , where only the odd harmonics are finite, i.e., the even harmonics vanish. Setting in the above expressions gives, for the th odd harmonic, , and (22) where and is the on-axis resonant frequency. An expression for the number of photons radiated along the axis per solid angle, , per electron for photons in a narrow bandwidth about the resonant frequency is obtained by integrating the above expression over and by dividing by the energy per photon (23) where for and for , with the intrinsic bandwidth and the fine structure constant. The total number of photons radiated per electron in the bandwidth about is given by multiplying by the solid angle , where is given above. This yields (24) for all values of . In the limit , this reduces to . By integrating the full expression for over all frequencies and angles, one finds that the total number of photons radiated is given by (25) assuming .
4) Asymptotic Behavior: For values of
, the emitted radiation will be narrowly peaked about the fundamental resonant frequency,
. As approaches unity, emitted radiation will appear at harmonics of the resonant frequency as well:
. When , high harmonic radiation is generated and the resulting synchrotron radiation spectrum consists of many closely spaced harmonics. Finite variations in the parameter within an electron beam can broaden the linewidth and cause the spectra to overlap. Hence, in the asymptotic limit, i.e., , the gross spectrum appears broadband, and a continuum of radiation is generated which extends out to a critical frequency, , beyond which the radiation intensity diminishes.
Asymptotic properties of the radiation spectrum for and for large harmonic numbers, , can be obtained with standard methods. In particular, the asymptotic spectrum along the axis , is given by (26) where and is the critical frequency (corresponding to a critical harmonic number of ). The function is maximum at and decreases rapidly for . Half the total power is radiated at frequencies and half at .
5) Radiation From a Beam:
For a single electron undergoing betatron motion in a plasma focusing channel, the resonant frequency of the radiation emitted along the axis is . Here, is a function of both the electron energy and the radial position of the electrons via the betatron amplitude . If a monoenergetic beam of finite radius is injected into a focusing channel (without any special tapering), electrons at different radii will have different betatron amplitudes , different values of , and hence, different resonant frequencies. In general, the spectral energy density of the radiation emitted by a finite radius beam will be significantly different from that of a single electron, especially in the limit . Consider the case of a monoenergetic, axisymmetric beam in cylindrical geometry in the limit of zero emittance. In this case, represents the normalized radial position of the electron, since the initial radial position of the electron at the channel entrance is assumed to be equal to . The radiation spectrum from a beam, can be approximately calculated from by multiplying by the electron distribution function, , and integrating over both radius and over (from 0 to for an axisymmetric beam). For an axisymmetric beam (27) For simplicity, a Gaussian radial beam distribution is assumed, where and is the normalized rms beam radius.
For a large number of betatron periods, the radial integration can be approximated analytically. Let (28) where is the resonance function. At resonance or, alternatively, , where . Furthermore, in the limit , where . Hence, for (29) In this limit, the spectrum of the radiation emitted along the axis from a Gaussian beam profile is (30) where the sum is over odd harmonics and the argument of the Bessel functions is , where , i.e., evaluated at . Using the above expression, other quantities of practical interest, such as the photon flux and brightness, can be calculated. Assuming that the collection angle, , is small so that the intensity distribution is flat over the solid angle , the number of photons intercepted in a small bandwidth, , about and solid angle, , for an electron bunch with electrons is (31) The average flux in photons per second, , in the collection angle and with bandwidth , is multiplied by the repetition rate, , of the laser/electron beam, i.e., . The average source brightness is given by (32) where is the electron bunch radius. The peak flux and brightness are, respectively, and , where is the X-ray pulse duration, which is assumed to be approximately equal to the electron bunch duration.
The radiation spectra for a single electron with and from an axisymmetric beam with a Gaussian radial distribution with are shown in Figs. 7 and 8. The result for a single electron with and , is shown in Fig.  7 , which shows the spectral density (normalized to ) versus normalized frequency and angle , for (a) and (b) . The results of averaging over only for are shown in Fig. 8(a) , whereas the results of averaging over both and are shown in Fig. 8(b) . The effects of averaging over leads to a dramatic smoothing of the radiation spectrum.
As an example, consder a laser wakefield accelerator producing a narrow energy spread electron beam, such as in the proposed colliding pulse injection method [10] , [12] , [13] , or as in the recent experiments on the channel-guided LWFA [15] . The high energy part of the electron spectrum is assumed to exhibit a narrow peak at 100 MeV (3 percent energy spread) with a total charge of 0.3 nC and a bunch radius of 3 m. The plasma is assumed to be 1-mm-long with a density of cm , and the wakefield is assumed to be in the blowout regime. Note that for an electron with a betatron radius equal to the beam radius (3 m),
. The expected radiated spectrum for a detection angle of mrad, normalized to a bandwidth of %, is shown in Fig. 9 , as obtained from (30) . At the peak of the spectrum (10 keV), the number of photons is photons/shot and the brightness is photons/shot/0.1%BW/mm /mrad , as- suming a 3 mrad detection angle and 0.1% bandwidth, as obtained from (31) and (32) .
B. Thomson Scattering Using an External Laser Pulse
The analysis of this X-ray source will again start with a discussion on the orbit of a single electron and the spectrum will be calculated in a similar way as for betatron radiation. The scattered spectrum for a single electron will be calculated, as well as that from an electron beam with finite energy spread. The obtained expressions will be used to design a polychromatic and quasi-monochromatic source, obtained by scattering off an electron bunch with a broad (100%) and a narrow (few %) energy distribution, respectively. 1) Single Particle Orbits: Consider a one-dimensional (1-D) laser field propagating in the negative direction with a normalized vector potential, , of the form , which is linearly polarized in the direction with frequency . Here, the parameter is related to the laser intensity and wavelength by [ m]( [W/cm ]) . The electron motion is governed by the relativistic Lorentz equation (33) In the 1-D limit, there exist two constants of the motion: and , where is the initial axial motion of the electron along the positive axis and . The two constants of the motion completely determine the electron orbits in the laser field. In particular (34) (35) and , where , and , and are initial conditions.
2) Scattered Spectrum for a Single Electron: With knowledge of the single particle orbits, the Thomson scattered radiation spectrum can be calculated in a manner similar to what was done for the case of betatron radiation, discussed in the previous section. In fact, in the limits , and , the radiation spectrum can be written in a form identical to (13) with the following substitutions. The betatron strength parameter is replaced by the laser strength parameter , the number of betatron periods is replaced by the number of laser periods , and the resonant frequency of each harmonics is given by (36) Likewise, the other expressions describing betatron radiation from a single electron also describe Thomson scattering, (21)- (26), with the strength parameter replaced by , the number of periods replaced by , the resonant frequency replaced by (36) , and the critical frequency replaced by . Similarly, it is noted that these same expressions also describe synchrotron radiation from an undulator or wiggler magnet in the limits , and , when the strength parameter is replaced by the wiggler strength parameter , the number of periods replaced by the number of wiggler periods , the resonant frequency replaced by , and the critical frequency replaced by , where is the wiggler wavenumber. The radiation spectrum for a single electron scattered by a laser with and is shown in Fig. 10 . The figure shows the spectral density (normalized to ) versus normalized frequency and angle , for (a) and (b) .
3) Spectrum for an Electron Bunch With Finite Energy Spread:
To include the effect of energy spread, the spectral flux density is integrated over the electron energy distribution, (37) Beam emittance is neglected since the angular width of the spectrum over the photon energies of interest is much broader than typical beam divergences.
The electron bunch produced by a LWFA will have a finite energy spread. The SM-LWFA is typically characterized by a broad Boltzmann energy distribution. For a standard LWFA with laser-triggered injection, the energy spread is smaller, typically a few percent. In the following, is assumed to be slowly varying compared to for fixed . For fixed , the energy width of the resonance function about the resonant energy is given by (38) where . Here, the resonant energy is found by inverting the expression , i.e.,
where and have been assumed. Notice that in the backscattered direction, . Hence, the condition that be slowly varying compared to for fixed implies that ( is the energy spread of the bunch), or , which is easily satisfie d for a large number of laser periods . In the limit of a large number of laser periods . The above integration over momentum can be simplified by approximating the resonance function as a delta function, i.e.,
. Hence, (37) reduces to (40) where , and the right side of the above equation is evaluated at the resonat values: and . The radiation spectrum for an electron beam with a 5 MeV Boltzmann energy distribution scattering against a laser with and is shown in Fig. 11 .
4) Backscattered Radiation:
In the backscattered direction in the limit , the spectrum integrated over the electron energy distribution is given by [53] (41) where and .
5) Low-Intensity Limit
: In the limit , only the fundamental radiation is significant. The fundamental radiation spectrum in the backscatted direction, averaged over the electron distribution, is given by (42) where . The total number of photons radiated over all frequencies and angles is given by (43) where is the number of electrons. Of particular interest is the photon flux and brightness of the TS radiation. Assuming that the collection angle, , is small so that the intensity distribution is flat over the solid angle , the number of photons intercepted in a small bandwidth, , about and solid angle, , for an electron bunch with electrons is (44) The average flux in photons per second, , in the collection angle and with bandwidth , is multiplied by the repetition rate, , of the laser/electron beam, i.e., . The average source brightness (in photons/s/mm /mrad /0.1% BW) is given by (45) where is the electron bunch radius. The peak flux and brightness are, respectively, and , where is the X-ray pulse duration, which is assumed to be approximately equal to the electron bunch duration. Note that the region of validity of (16)- (18) is for , where is the minimum of the electrons in the distribution . 6) Example I: Low-Energy X-Ray Source ( keV): Laser wakefield accelerators operating in the self-modulated regime typically produce energy spectra consisting of an exponentially decreasing distribution of electrons, with a total charge of 1-10 nC [20] , [22] . A typical radiation spectrum from Thomson scattering off such an electron energy distribution is shown in Fig. 12 where the X-ray spectrum is normalized to a detection angle mrad and a frequency bandwidth %. Here, an electron energy distribution function of the form has been assumed, with and a total charge of 5 nC, along with a 1 J, 2 ps Ti: laser focused to a spot size of m with . The total number of scattered photons calculated from (43) for this case is . Also shown in Table I are two other cases: a m, 1 J, 200 ps laser with ; and a m, 1 J, 20 ns laser with . 7) Example II: High-Energy X-Ray Source ( keV): Consider next a laser wakefield accelerator producing a narrow energy spread electron beam, such as in the proposed colliding pulse injection method [10] , [12] , [13] , or as in the recent experiments on the channel-guided LWFA [15] . To estimate the Thomson scattered spectrum in such an LWFA, the high energy part of the electron spectrum is assumed to exhibit Fig. 12 . Expected X-ray spectrum when scattering off a Boltzman electron energy distribution (with = 10) within a 3-mrad detection cone. Scattering laser is assumed to operate at 800 nm and to produce 1 J in 2 ps.
a narrow peak at a high energy (50 MeV) with a total charge of 0.3 nC and an energy spread of 3% (FWHM). The total number of scattered X-ray photons is , as calculated from (43), assuming a 1 J, 2 ps Ti: laser focused to a spot size of m with . The spectral width of the peak radiated by a single electron is , whereas the spread in scattered frequencies as a result of finite electron energy spread is . For a sufficiently long laser pulse with , the width of the single electron resonance function will be much narrower than the width of the electron distribution function. In this limit the scattered spectrum can be estimated using (44) , and the width of the peak in the X-ray spectrum is determined by the width of the energy spread of the electrons. The expected spectrum for a detection angle of mrad and an electron beam with a narrow peak at 50 MeV with a 3% energy spread (FWHM) is shown in Fig. 13 .
Three source designs are summarized in Table I . The key difference between the three cases is the laser that is used Fig. 13 . Expected spectrum when scattering off a Maxwellian electron energy distribution centered at 50 MeV and 3% FWHM energy spread within a 3-mrad detection cone. Laser is assumed to operate at 800 nm and to produce 1 J in 2 ps.
for scattering. The first case assumes a long-pulse, Nd:YAG, Q-switched laser operating at 1064 nm and producing 1 J energy in a 20 ns pulse. The second and third cases use a more powerful Ti:Al O laser operating at 800 nm wavelength. The laser, based on chirped pulse amplification, delivers 1 J energy in a pulse that is either uncompressed (case 2) or partially compressed (case 3). In all cases, the interaction length is approximately the Rayleigh length with m, such that the total number of photons is proportional to the laser power. Furthermore, nonuniform pulse profile effects are neglected [54] . These examples show that excellent performance of a femtosecond X-ray source with sufficient flux for various pump-probe experiments can potentially be achieved using a moderately powerful laser.
IV. CONCLUSION
Radiation produced by laser accelerated electron bunches has been analyzed. In the long wavelength range of the electromagnetic spectrum (THz frequencies), the ultra-short pulse nature of the accelerated electron bunches provides the possibility of producing high energy coherent radiation. In proof-of-principle experiments, coherent tranistion radiation emission was observed when electron bunches with a few MeV mean energy propagated through the plasma-vacuum boundary. Since the radiation was produced at this boundary, bunch densities, which would be reduced by space charge effects during propagation of these low density in vacuum, remained high. Due to the high amount of charge, this simple source can in principle produce 10s of J/pulse. Diffraction effects arising from the finite transverse plasma size can significantly increase the opening angle of the radiation, limiting the amount of collected energy unless collection optics with large opening angle can be used. For laser wakefield accelerators that produce high energy electron beams (i.e., much less susceptible to space charge effects), metal foils can be used as in conventional coherent transition radiation (CTR) experiments and very high source efficiency can be expected.
In the short wavelength range (X-rays), two mechanisms for the generation of femtosecond X-rays have been discussed. The first one relies on the emission of betatron radiation when a relativistic electron beam propagates inside a plasma channel in the presence of large focusing fields. The second one uses an external laser to Thomson backscatter off the relativistic electrons. For 100 MeV class laser wakefield accelerators, betatron radiation X-rays will be in the few keV range. Thomson scattered X-rays can be in the 60 keV range using a 50 MeV beam and a laser operating at 0.8 m. Using TW-class lasers for Thomson scattering and electronbeamsachievablebypresentdaylaserwakefieldaccelerators, photon fluxes from TS (betatron radiation) on the order of photons/shot/0.1%BW ( photons/shot/0.1%BW) are expected at 60 keV (10 keV) in truly femtosecond duration pulses (10-50 fs). Such a source will have applicability for pump-probe experiments studying melting, shock propagation, and other phenomena in materials. From 1997 to 1999, he was a Physicist at Lawrence Livermore National Laboratory, Livermore, CA. His thesis research is in the L'OASIS Group of Lawrence Berkeley National Laboratory, which he joined in 2000. His research interests include intense laser interactions with plasmas, laser driven advanced particle accelerators and radiation sources, and fusion.
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